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TOWARDS THE GREEN-GRIFFITHS-LANG CONJECTURE VIA EQUIVARIANT 

LOCALISATION 

GERGELY BERCZI 


Abstract. Green and Griffiths l26l and Lang ED conjectured that for every complex projec¬ 
tive algebraic variety X of general type there exists a proper algebraic subvariety of X contain¬ 
ing all nonconstant entire holomorphic curves f : C X. Using equivariant localisation on 
the Demailly-Semple jet differentials bundle we give an afhrmative answer to this conjecture 
for generic projective hypersurfaces X c of degree deg(Y) > 


1. Introduction 

A central object in the study of polynomial differential equations on a smooth eomplex 
manifold is the bundle JkX of k-jets of germs of holomorphie eurves / : C —> 

X over X and the assoeiated Green-Griffiths bundle = 0{JkX) of algebraie differential 
operators [12^ whose elements are polynomial funetions Q{f', ..., of weighted degree m. 
In [[T4l Demailly introdueed the subbundle c E^^ of jet differentials that are invariant 
under reparametrization of the souree C. The group G^; of A:-jets of reparametrisation germs 
(C, 0) —> (C,0) at the origin aets fibrewise on JkX and = 0(JkX)^'‘ is the graded 

algebra of invariant jet differentials under the maximal unipotent subgroup Uk of G^. This 
bundle gives a better refleetion of the geometry of entire eurves, sinee it only takes eare of the 
image of sueh eurves and not of the way they are parametrized. However, it also eomes with a 
teehnieal diffieulty, namely, the reparametrisation group G^; is non-reduetive, and the elassieal 
geometrie invariant theory of Mumford llMl is not applieable to deseribe the invariants and 
the quotient JkXjGk', for details see [I8ll20]|. 

In [fT4l Demailly deseribes a smooth eompaetifioation of JkX/Gk as a tower of projee- 
tivised bundles on X —the Demailly-Semple bundle—endowed with tautologieal line bundles 
Ti,.. .Tk whose seetions are Gi--invariants. In ffTTl the algebraie Morse inequalities of Trapani 
and Demailly reduee the existenee of global invariant jet differentials on X to the positivity of 
a eertain interseetion number on the Demailly-Semple tower. 

This paper introduees a new teehnique to handle the eomplexity and diffieulties of eompu- 
tations with the eohomology ring of the Demailly-Semple tower in [TTTl . We apply equivari¬ 
ant loealisation in stages on the tower and transform the fixed point formula into an iterated 
residue to express interseetion numbers of the tautologieal bundles on the Demailly-Semple 
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bundle n : ^ X as coefficients of the Laurent expansion of a rational function. The crucial 

idea of introducing iterated residues was motivated by the author’s earlier work [TTl . 


Theorem 1.1. Let X c be a smooth projective hypersurface and let Ui = ci(t,) and h = 
7T*ci(Oxil)) denote the first Chern classes of the ith tautological line bundle on the Demailly- 
Semple tower X^ and the tautological line bundle on X, respectively. For any homogeneous 
polynomial P = P{ui,.. .,Uk,h) of degree degCP) = dimX^ = n + k{n - 1) we have 




Y\^2<t\<t2<k -fc, + Z(1+1 + ... + ZtfjPizi, ...,Zk,h) dz 
n* * * -^.52^ r~iy=i(-^i "t" • • • "t" zf) 



Zj 


where 

i 1 \ , S2{X) , , Sn{X) 

s - =1-1-1- T -I- ■ ■ ■ H- 

\Zi + . . . + Zy/ Zi -I- . . . -I- Zy (Zi + . . . + zff (Zi + . . . + Zy)” 

is the total Segre class at 1 /(zi + ... + Zy) and the iterated residue is equal to the coefficient of 
(zi... ZkT^ in the expansion of the rational expression in the domain z\ Zk- 


Note that the iterated residue on the right hand side of this formula is a degree n cohomology 
class expressed as a polynomial in h, i'lCX),..., Sn{X) so the tautological integral over the 
Demailly tower is a polynomial purely in topological invariants of X. 

The Green-Griffiths-Lang (GGL) conjecture [3T]| states that every projective algebraic 
variety X of general type contains a proper algebraic subvariety TJX such that every non¬ 
constant entire holomorphic curve f : C ^ X satisfies /(C) c Y. The GGL conjecture is 
related to the stronger concept of a hyperbolic variety ll^ . A projective variety X is hyper¬ 
bolic (in the sense of Brody) if there is no nonconstant entire holomorphic curve in X, i.e. 
any holomorphic map f : C ^ X must be constant. Hyperbolic algebraic varieties have 
attracted considerable attention, in part because of their conjectured diophantine properties. 
For instance, Lang OTl has conjectured that any hyperbolic complex projective variety over a 
number field K can contain only finitely many rational points over K. 

A positive answer to the GGL conjecture has been given for surfaces by McQuillan If^ 
under the assumption that the second Segre number Cj - C 2 is positive. Siu in IHOI HTl 321 H3]l 
developed a strategy to establish algebraic degeneracy of entire holomorphic curves in generic 
hypersurfaces X c of high degree, and also hyperbolicity of such hypersurfaces for even 
higher degree. Following this strategy combined with techniques of Demailly [fT4ll the first 
effective lower bound for the degree of the hypersurface in the GGL conjecture was given by 
Diverio, Merker and Rousseau in IfTTl . They proved that for a generic projective hypersurface 
X c P"'^' of degree deg(X) > 2”^ the GGL conjecture holds. 

Proving algebraic degeneracy of holomorphic curves on X means finding a nonzero poly¬ 
nomial function P on X such that all entire curves / : C —> X satisfy P(/(C)) = 0. All known 
methods of proof are based on establishing first the existence of certain algebraic differential 
equations P(/,/',...,/®) = 0 of some order k, and then the second step is to find enough 
such equations so that they cut out a proper algebraic locus T g X. 
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Demailly in IfT^ formulated a generalised version of the GGL conjecture for directed man¬ 
ifolds (X, V), where V c is a subbundle, and proved-using holomorphic Morse inequal¬ 
ities and probabilistic methods-that for any projective directed manifold {X, V) with Ky big 
there is a differential equation P of order A: » 1 such that any entire curve / must satisfy 
= 0. Merker If34ll proved the same for projective hypersurfaces in of 
degree at least n + 3 using algebraic Morse inequalities. Darondeau llT^ adapted techniques 
of the present paper to study algebraic degeneracy of entire curves in complements of smooth 
projective hypersurfaces. Demailly [[T3ll proved the GGL conjecture for directed pairs (X, V) 
satisfying certain jet stability conditions and announced the proof of the Kobayashi conjecture 
on the hyperbolicity of very general algebraic hypersurfaces and complete intersections. Siu 
If^ proved the Kobayashi hyperbolicity of projective hypersurfaces of sufficiently high (but 
not effective) degree. 

This paper focuses on smooth projective hypersurfaces X c P"^^. The main technical reason 
for this is that in this case the Chem classes of X on the right hand side of Theorem 11.11 are 
expressible with the degree d of X and the first Chern class h of the hyperplane line bundle 
over X using the identity 

(1 + = (1 + dh)c{X), 

where c{X) = c{Tx) is the total Chem class of X. Then the iterated residue becomes a polyno¬ 
mial in with polynomial coefficients in d, n and integration simply means the substitution 
h"=d. 

This paper follows the strategy of IfTTlI . but the efficiency of computations with iterated 
residues allows us to prove the GGL conjecture with a sharper exponential bound on the 
degree of a the generic hypersurface. We use the residue formula in Theorem 11.11 to prove 
the existence of global differential equations of order k = n satisfied by entire holomorphic 
curves on X with deg(X) > Combined with deformation arguments of f[T71 (based on 
earlier works P7l 141113^ 1 to get enough independent differential equations, this gives us the 
following effective degree bound in the Green-Griffiths-Lang conjecture: 

Theorem 1.2. Let X c P""^^ be a generic smooth projective hypersurface of degree deg(X) > 
Then there exists a proper algebraic subvariety Y ^X such that every nonconstant entire 
holomorphic curve f : C ^ X has image contained in Y. 

Even if our lower bound is far from the one deg(X) > n + 3 insuring general type, to our 
knowledge this is the best effective bound valid for generic projective hypersurfaces. 

In the forthcoming paper [[3l we replace the Demailly-Semple bundle with a more sophisti¬ 
cated compactification of JkXjGk motivated by the author’s earlier work in global singularity 
theory [|71 on Thom polynomials of singularity classes. We will prove that the GGL conjec¬ 
ture for hypersurfaces with polynomial degree follows from a conjectural positivity property 
of Thom polynomials. 

Acknowledgments I would like to thank Damiano Testa and Frances Kirwan for patiently 
listening to details of this work. The first version of this paper was presented in Strasbourg, 
Orsay and Luminy in 2010/2011. I would like to thank to Jean-Pierre Demailly, Joel Merker, 
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Simone Diverio, Erwan Rousseau and Lionel Darondeau for their eomments and suggestions. 
The paper has been rewritten based on these diseussions to make the teehnieal details of loeal- 
isation more available to non-experts. The author warmly thanks Andras Szenes, his former 
PhD supervisor, for the eollaboration on (71, from whieh this paper has outgrown. 


2. Jet differentials 


The eentral objeet of this paper is the algebra of invariant jet differentials under reparametri- 
sation of the souree spaee C. For more details see the survey papers [fT4l[T9l . 

2.1. Invariant jet differentials. Let A be a eomplex n-dimensional manifold and let k be a 
positive integer. Green and Griffiths in [l2^ introdueed the bundle JjJC —> A of k-jets of germs 
of parametrized eurves in A; its fibre over x e A is the set of equivalenee elasses of germs 
of holomorphie maps / : (C, 0) —> (A, x), with the equivalenee relation / ~ g if and only 
if the derivatives f ^\0) = g''^\0) are equal for 0 < j < k. we ehoose loeal holomorphie 
eoordinates (zi,... ,z„) on an open neighbourhood Q c A around x, the elements of the fibre 
JkXx are represented by the Taylor expansions 



m = x + tf{0) + + ... + ^/®(0) + 


up to order k at t = 0 of C"-valued maps / = (/i, / 2 ,..., f„) on open neighbourhoods of 0 in 
C. Loeally in these eoordinates the fibre ean be written as 


((/'(0),...,/®(0)/k!)) = (C")', 


whieh we identify with C"*. Note that J^X is not a veetor bundle over A sinee the transition 
funetions are polynomial but not linear, see llT4l for details. 

Let Gk denote the group of k-jets of loeal reparametrisations of (C, 0) ^ (C, 0) 

t I—> 1^(0 = Ct\t "I" (^2^^ CHi G C*, 0:2, . . . , (Tjt G C, 

under eomposition modulo terms L for j > k. This group aets fibrewise on Jj,X by substitution. 
A short eomputation shows that this is a linear aetion on the fibre: 



... + — ■ {a\t + a 2 t^ + ... + modulo 


k\ 


so the linear aetion of (p on the k-jet (/'(O), f"(0)/2l ,..., /®(0)/k!) is given by the following 
matrix multiplieation: 


" a\ 0^2 


«3 

2QriQr2 


Oik 

oi\Oik-\ -I-... -I- ak-\Oi\ 

3a\ak-2 + • • • 



(/'(0),r(0)/2!,...,/®(0)/k!)- 0 0 


0 0 0 


a 


,k 
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where the matrix has general entry 

(Gk)ij = ^ or^i ... as, for 1 < i, j < k. 

5l,...5,-€Z+ 

Si+... + Si=j 

Gk sits in an exaet sequence of groups >0*—>C*—>1, where Gk —> C* is the 

morphism (p —> (p'(0) = a\ in the notation used above, and 

(1) Gk = UkX C* 

is a C*-extension of the unipotent group Uk- With the above identification, C* is the subgroup 
of diagonal matrices satisfying a 2 = ■ ■ ■ = ak = 0 and Uk is the unipotent radical of G^:, 
consisting of matrices of the form above with cri = 1. The action of d G C* on fc-jets is thus 
described by 

d • (/', r ,/®) = (Af, A^r, dV®) 

Following lfT?]| . we introduce the Green-Griffiths vector bundle whose fibres are complex¬ 
valued polynomials Q{f', /",..., on the fibres of JkX of weighted degree m with respect 
to the C* action above, that is, they satisfy 

e(d/', dV",..., dV®) = rQif, r ,/®). 

The fibrewise G^: action on JkX induces an action on Demailly in IfTdll defined the bundle 
of invariant jet differentials of order k and weighted degree m as the subbundle E^^^ c E^^ 
of polynomial differential operators Q{f, /®) which are invariant under Uk, that is for 

any ip &Gk 

Q((f ° vY,if o pY', ...,(/ o = pxor ■ Qif, f ",/®). 

We call E^ = ®,nE’l^ = i®mEf^)^'’ the Demailly-Semple bundle of invariant jet differentials 

2.2. Compactification of JkX/Gk- We recall Demailly’s construction from lfT4l of a smooth 
relative compactification of the geometric quotient f^^X/Gk, where f^^X c JkX is the bundle 
of regular A:-jets, that is, fc-jets such that /'(O) 0. This smooth compactification is constructed 

as an iterated tower of projectivized bundles over X. Demailly in lfT4l uses the term Semple 
fc-jet bundle and in this paper we will call this bundle the Demailly-Semple bundle. 

Let (X, V) be a directed manifold of dimension dim(X) = n and V Q Tx ^ subbundle of 
rank rkiV) = r. We associate to {X, V) an other directed manifold (X, V), where X = P(y) 
is the projectivised bundle and V is the subbundle of defined fibrewise using the natural 
projection n : X ^ X as follows: 

^Go.Nl) = {^ 6 7’^,(xo,[vo])l^*(^) S G ■ Vq}. 

for any xq e X and vq g Txxq \ {0}- We also have a lifting operator which assigns to a germ 
of a holomorphic curve / : (C, 0) ^ X tangent to V the germ of the holomorphic curve 
/ : (C, 0) ^ X tangent to V defined as fit) = if it), [/'(O])- 
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Let X c be a projeetive hypersurfaee. Following Demailly lfT4l . we define induetively 
the fc-jet bundle and the associated subbundle Vk c Tx, by iterating the above construction 
for V = Tx, that is: 

(Xo, Vo) = {X, Tx), (X,, V,) = 


Therefore, 


dimX^ = n + k{n - 1), rankVjt = n - 


and the construction can be described inductively by the following exact sequences: 


( 2 ) 


0-^ T’xj/Yh-^ Vk Ox^(-i) -^ 0 


0-^ Ox, -^ nlVk-i (Si (3p(y,)(-l)-^ Tx,/x,^i -^ 0 

where X^ ^ is the natural projection and {Uk)* is its differential. Iterating these we get 
projections ;r;;i = nj+\o.. .onk-\onk : Xk —> Xjfox j < k. With this notation Tro,^: : Xt ^ X = Xq 
is a locally trivial holomorphic fibre bundle over X, and the fibres X^j^ = nQ\{x) are k-stage 
towers of P”“' bundles. 

Theorem 2.1 f [fT4]l f. Suppose that n > 2. The quotient f^^XjGk has the structure of a locally 
trivial bundle over X and there is a holomorphic embedding f^^XIGf, ^ Xj^ which identifies 
f^^XjGk with X^^^, that is the set of points in X^, of the form f\k){Q) for some non singular 
k-jet f. In other words Xk is a relative compactification of f^^XjGk overX. Moreover, one has 
the direct image formula: 

{nQ,k)*Ox,{m) = 0{Ek,mT*x). 


3. Equivariant cohomology and localisation 

This section is a brief introduction to equivariant cohomology and localisation. For more 
details, we refer the reader to [iHITl. 

Let K = t/(l)” be the maximal compact subgroup of T = (C*)", and denote by t the Lie 
algebra of K. Identifying T with the group C”, we obtain a canonical basis of the weights of 
T\ Ai,An & V. 

For a manifold M endowed with the action of K, one can define a differential dx on the space 
S *t* ® Q.*{M)^ of polynomial functions on t with values in ^-invariant differential forms by 
the formula: 

[dKa](X) = d(a(X)) - i(XM)[a(X)], 

where X g t, and l{Xm) is contraction by the corresponding vector field on M. A homogeneous 
polynomial of degree d with values in r-forms is placed in degree 2d + r, and then dx is an 
operator of degree 1. The cohomology of this complex-the so-called equivariant de Rham 
complex, denoted by Hj{M), is called the T-equivariant cohomology of M. Elements of 
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Hj{M) are therefore polynomial functions t —> and there is an integration (or push- 

forward map) f : H*(M) —> //‘(point) = 5*t* defined as 

( r aXX) = f for all X G t 

Jm Jm 

where is the differential-form-top-degree part of a. The following theorem is the 

Atiyah-Bott-Berline-Vergne localisation theorem in the form of Theorem 7.11. 

Theorem 3.1 (Atiyah-Bott O, Berline-Vergne IfTOll ). Suppose that M is a compact manifold 
and T is a complex torus acting smoothly on M, and the fixed point set of the T-action on 
M is finite. Then for any cohomology class a G //*(M) 

Jm'' ^^,Euler^(r/M)' 

Here ^uler^iTfM) is the T-equivariant Euler class of the tangent space TfM, and is the 

differential-form-degree-0 part of a. 

The right hand side in the localisation formula considered in the fraction field of the polyno¬ 
mial ring of //‘(point) = H*{BT) = 5‘t* (see more on details in [|2l|9l). Part of the statement 
is that the denominators cancel when the sum is simplified. We start with a toy enumerative 
example to demonstrate how localisation works. 

Example 3.2 (How many lines intersect 2 given lines and go through a point in P^?). We think 
points, lines and planes in 1,2, 3-dimensional subspaces in ForR G Grass(3, O'*), L G 

Grass(l,C"^) define 

C 2 {R) = {Ve Grass(2,4) : V c /?}, Ci(L) = {V e Grass(2,4) : L c V} 

Standard Schubert calculus says that CfL) (resp C 2 (R)) represents the cohomology class 
ci(t) (resp C 2 (t)) where r is the tautological rank 2 bundle over Grass(2,4), and the answer 
can be formulated as 

Ci(Li)nCi(L2)nC2(/?)= r ci(t)2c2(t). 

DGrass(2,4) 

The fixed point data for equivariant localisation is the following. 

• Let the diagonal torus T^ c GL(4) act on with weights pi,p 2 ,P 3 ,P 4 G t* c Hf(pt). 

• The induced action on Grass(2,4) has fixed points, namely, the coordinate sub¬ 
spaces indexed by pairs in the set {1, 2,3,4}. 

• The tangent space o/Grass(2,4) at the fixed point (i, j) G Grass(2, Afi is (C^)*y (?) 
where { 5 , t} = {1,2,3,4} \ {i, j), and G Grass(2,4) is the subspace spanned by the 
i, j basis. Therefore, the weights on r(, y) Grass are Ps - bhbs - dj with s 4^ i, j. 

• The weights of r are identified with the Chern roots, so c,(t) is represented by the ith 
elementary symmetric polynomial in the weights ofr. 
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Theorem \3. 1 1 then gives 

(3) r Ci(t)^C2(t) = Y. o- 

JGrass(2,4) creSa/Sz 


_QUl +jU2)VljU2_ 

(//3 - - IUi)(jU3 - I^2)(M4 - Ml) 


On the right hand side we sum over all Q) fixed points by taking appropriate permutation of 
the indices. The sum on the right hand side turns out to be independent of the Pi’s. 


4. Equivariant localisation on the Demailly-Semple tower 

For X e X a. linear T = (C*)” action on the tangent space 'Vo = Tx^x at x induces a linear 
action on the fibre Xt = X^ x of the Demailly bundle over x and on the bundle "Vk = This 

gives a local fibrewise T action on the Demailly-Semple bundle Xj,, and we aim to apply the 
localisation formula Proposition l3.1l on the fibres. The fibre Xt is a A:-stage tower of projective 
bundles, and to understand the fixed point data and the weights of the action at the fixed points 
we use the exact sequences Q, restricted to the fibre over jc. Note that Q restricted to Xk is 
T -equivariant. 

For = 1 we have X\ = P(rx,.r) and we get the Euler sequence 
(4) 0--^'T'l-^ 0, 

Fet {ei,..., ef be an eigenbasis for the T -action on 'Vq = T^x with weights di,... ,d„. As dH) 
is T -equivariant, the weights on 'V\ \[ej] at the fixed point [ef = [0 : ... 0 : 1 : 0 : ■ ■ ■ : 0] G dfi 
are Xj and d, - Xj for i 4^ j. 

Now © restricted to the fibre Xk gives us: 

0-^ Txpxk-i -^ ^ 0, . 

Focally Vk is the direct sum of the two bundles on the ends. Fix a point y e Xk, and let 
'Vk-\,n,y denote the fibre of Vk-x at the point n^y 6 Xk-\, where n = nk,k -\. If y is a fixed point 
of the T -action on Xk, then is a fixed point on Xk-\, and therefore 'Vk-\,n,y is T -invariant, 
acted on by T with weights wi,..., G Fin(di,..., d„) in the eigenbasis ei,..., e„. By 
definition Xk = f’{'Vk-\)', let y be the fixed line corresponding to the weight wj. The weights 
on Tx,,iXk-i,y = T'n'Vk-i.n,y) >' w; - wj for i 4 j, and the weight on the tautologiacal bundle 
Ox;,{-\) at y G is Wj, so the weights on 'Vk^y are 

Wi - Wj for i = I,.. .n,i 4 j, and Wj. 

Therefore, a fixed point y = is characterised by a sequence (wi,.. .,Wk) of weights 

Wi G Fin(di,..., d„), i = where 

(1) Wi G = {di, . . . , d„} 

(2) For i > 2 VP,- G <S(vPi,... ,vp,-_i) = {vp/_i,vp - vp;_i : w G <S(vPi,... ,vp,-_ 2 )}^*’ 
and = A \ {0} denotes the set of nonzero elements of A. 

Here <S(wi,... ,w,_i) collects the weights of the T action on the fibre ^. For 

n = k = 3 vte collected the fixed point data in Table [B In general, we get by induction the 
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Table 1. Weights on the Demailly-Semple bundle for n = k = 3. 



Wi 


{/li, 22,43} 

5(2i) = {2i,22-2i,23-2i} 

.S(4i,4i)-{4i,42 - 24i,43 - 24i} 

S(Ai,A2 - 4i) - {24i - 42,42 - 4i,43 - 42} 

‘S(4i, 43 - 4i) = {24i - 43,42 - 43,43 - 4i} 

*5(42) = {4i - 42,42,43 - 42} 

‘5(42,4i - 42) = {4i - 42,242 - 4i,43 - 4i} 

5(42,42) = {41 -242,42,43 -242} 

5(42,43 - 42) = {4i - 43,242 - 43,43 - 42} 

>5(43) = {4i - 43,42 - 43,43} 

5(43,4i - 43) = {4i - 43,42 - 4 i, 243 - 4i} 

5(43,42 - 43) = {4i - 42,42 - 43,243 - 42} 

*5(43,43) = {4i - 243,42 - 243,43} 


following 

Lemma 4.1. Let \ < i < k and wj e <S(wi,..., Wj-i)for I < j < i. Then 

5(wi,.. .,Wi) = {Aj - Wi - ... - Wi,wi - W 2 - ... - Wu .. - Wi,Wi : 1 < 7 < n}*^\ 

\ {-{wt + Wt+i + ... + Wi) : 2 < t < i}, 

where for i = I we define the subtracted set to be the empty set. 

Proof. For i = 1 and wi = Ar for some 1 < r < n, the weights are 

= {Aj - Ar, Ar\ j + r\ = {Aj -Wi,Wi : I < j < n}*^ 

as stated. Assume the Lemma holds for / - 1, and use (2) above at the deseription of the 
weights: 

S{Wu...,Wi) = {Wi,W- wr-we S(Wu . . . = 

= {Aj - Wi - ... - Wi,wi - W 2 - ... - Wi,..., Wi-i - Wi, Wi'. \ < j < n}*\ 

\ {-{Wf + Wt+\ + ... + Wi) : 2 < t < i) 

as stated. □ 

Remark 4.2. Note that there is exactly one element of the set 

[Aj-Wi - ...- Wi, Wi - W 2 - ... - w,-,. . . , W ;_1 - Wi, Wi\l<j< n] 

which is equal to zero for every choice ofwi,..., w,-. We exclude this element by taking the 
nonzero part of this in set in Lemma 14.71 

The fixed point set on the fibre Xk is then 5^ = {7^wi,...,w;t : w,- e <S(wi,..., w/_i}. Proposition 
13. II applied to the fibre of the Demailly-Semple bundle gives 
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Proposition 4.3. Let Xk be the fibre of the Demailly-Semple k-jet bundle over X at x e X 
endowed with the induced T = (C*)” action from Tx^x- Then for any a e Hj{Xk) 


F. .(= 




Ew, w.egt ny=l nH'€5(wi,...,W;-i)(>V Wj) 

W+Wj 

where ■ Wi G 5,(wi,..., w,_i)} denotes the set of fixed points on the fibre Xk- 


Proof The equivariant Euler elass of the tangent bundle of Xk at the fixed point 
produet of the weights in the tangent direetions: 


is the 


EulerKr,.,. .Xi) = f] EulerKr,.,,../(%-,. 


./=1 


□ 


and the weights on ’V ^ are eolleeted in <S(wi,, 

In partieular, we have the following 

Corollary 4.4. Let Ui = ci(n*n.Oxfl)), i = I,... ,k denote the first Chern classes of the canon¬ 
ical line bundles on Xk, and let a{ui,... ,Uk) be a homogeneous degree dim/Y*- = k{n - 1) 
polynomial. Then = O'iwi,... ,Wk) and therefore 


I; 


a{u\,...,Uk) 


aiyvu.. .,Wk) 


y - 

Ew, ...M'.eg* n;=l nw€5(wi,...,w;_i)(w - Wj) 


4.1. Proof of Theorem ll.lt Transforming the localisation formula into iterated residue. 

In this seetion we prove Theorem II.II by transforming the right hand side of the formula in 
Corollary 14.41 into an iterated residue motivated by [[7]|. This will enable us to make effeetive 
ealeulations with the eohomology ring of the Demailly-Semple bundle and to prove positivity 
of the interseetion numbers eoming up in the Morse inequalities. 

To deseribe this formula, we will need the notion of an iterated residue (of. e.g. Il44ll l at 
infinity. Let tui,..., be affine linear forms on C^; denoting the eoordinates by zi,... 
this means that we ean write oji = -l- a]z\ -l- ... -l- a]zk- We will use the shorthand h{z) for 

a funetion h{z\ ■ ■ - Zk), and dz for the holomorphie n-form dz\ A • • • A dzk- Now, let h{z) be an 
entire funetion, and define the iterated residue at infinity as follows: 


(5) 


h(z) dz def 


Res Res ... Res 

z ,=00 22=00 Zt=oo COi 


-U -f 


h(z) dz 


Y~\N . . 
\Zk\=Rk 1 1;=1 


where 1 ^ ... «: Rk. The torus {|z„ 


R„ 


m 


1 ... k} is oriented in suoh a way that 


Res 2 |=oo .. .Res 2 ^=oo dzfizi ■ ■ - Zk) = (-I)*"- We will also use the following simplified notation: 


•3^1=00 • • • -»-wo2^=oo 
def 

Res,.=oo = Res2j=oo Res„=oo • ■ • Res2^= 


3^2=00 ' 


'Zk=^ 










TOWARDS THE GREEN-GRIFFITHS-LANG CONJECTURE VIA EQUIVARIANT LOCALISATION 


II 


In practice, one way to eompute the iterated residue ([5]) is the following algorithm: for eaeh 
i, use the expansion 

1 _ . (a° + + ■ ■ ■ + 

§ iafzqii)V^^ 

where q{i) is the largest value of m for whieh a!^ 4^ 0, then multiply the produet of these 
expressions with {-\)^h{z\. . .Zk), and then take the eoeffieient of z^^ • • - 4^ in the resulting 
Laurent series. 

The seeond option to eompute iterated residues is working step-by-step. First take the 
residue with respeet to Zk by applying the Residue Theorem on C U {0}; the residue at Zjt = oo 
is minus the sum of the residues at the finite poles Wj = -l/ay(a° -F ... -F a)-^Zk-i) for those 
faetors where a) 4 0. In partieular, if these poles are pairwise different then 


(7) 


Res 


Zk= 


h(z) dz 




-h{zu...,Zk-\,Wj) 


-h{z\. 


= y 


Zk^Wj\ 


Zk^Wj} 


where flyerT = 7 denotes the produet of the nonzero elements of the set and [Zk 

Wj\ means we substitute W/ to Zk- Then we take the next residue with respeet to Zk-\ using the 
linearity of the residue and the same rule, and we iterate the proeess. 


Example 4.5. The rational expression 


1 


Zl(zi-Z2) 


has two different Laurent expansions, but on 


kil kil we use 
Res, ^ 


1 


Zl(zi-Z2) 

- eoeff(2j22)-* 


= Z“o(-l)'yT get Res,=, 


1 


= 1. An other example is 

Zl -Z2 ^ 

-- oi^zDira - —(.G2r*4(l + I + I + ■ ■ -Xl + + f + ...) = 3. 

Example 4.6. Let us revisit our toy example Example \3.2\ Define the differential form 

_ -(Z2 - ZlfCzl + Z2fziZ2 dz 
WtM - Zl)Wt\{di - Z2) 

This is a meromorphic form in Z 2 on with poles at Z 2 = Pi ^ i ^ ^ and Z 2 = oo- The poles 
at Pi are non-degenerate and therefore applying the Residue Theorem we get 

{pi-Z\f{pi +Z\fpiZ\dZi — ^-,.^2, 


Res o) 

Z2=oo 


-E 


jzt Wj=Mj - ^i) Wj+iiPj - Pi) 


E- 


i=\ 


iPi-zi){pi+ZiYpiZidzi 
WmiPj-zftWj^iiPj-Pi) 


Z2=^i 


Repeating the same with zi we get 


Res Res co = 


Zl=' 


=0O 79=00 


EE 

1=1 ji:i 

E 


(pi - Pj)(pi + Pjfpipj _ 
Wk+kjiPk - Pj) Uj^iiPj - Pi) 

(Pl +P2)^PlP2 


{pi+PjYpiPj 

^ jzf Uk*ij(Pk -Pj) UktijiPk - Pi) 


cr ■ 


cr£S4/S2 


(pS - Pi)(p4 - Pi)(M3 - P2)(P4 - P 2 ) 




Ci(t)^C2(t). 


Grass(2,4) 
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On the other hand, using the above algorithm by expanding the rational form co we get 


Res Res a> = 2, 

Zl=oo Z2=°^ 

giving us the desired result 1 for the integral. 

We start with the following iterated residue theorem on projeetive spaces: 
Proposition 4.7. For a polynomial P{u) on C we have 

PW ^ P(z) 


( 8 ) 


n 

E 


n 


SSn".,Oj-z) 


dz. 


i=i A 

Proof We compute the residue on the right hand side of dH) using the Residue Theorem on 
the projective line C U {oo}. This residue is a contour integral, whose value is minus the sum 
of the z-residues of the form in dH). These poles are at z = Aj, j = and after canceling 

the signs that arise, we obtain the left hand side of dl]). □ 

Now we prove the following iterated residue formula for the cohomology pairings of 

Proposition 4.8. Let k>2 and let Xk be the fibre of the Demailly-Semple k-jet bundle over X 
at X & X endowed with the induced T = (C*)” action from Tx^x- P{u\,.. .,Uk) 6 Hj'^~^\Xk) 
be a homogeneous polynomial of degree dim(/Y,t) = k{n - 1) in Ui = Ci{Tt*jpxfl)). Then 

W 2 <ti<t 2 <k “fei + Zf| + 1 + ■ ■■+ Ztf) P{zi,.. .,Zk)dz 


i 


P(u) = Res 

Z—oo 


,y2</:(-^^l Zsi+l • • • ZS 2 ) riy^l -^1 * * * 

Proof We use that Xk Xk-i is a bundle over Xk-\ and therefore integration on Xk can 
be achieved first integrating over the fibre followed by integration over Xk-\. That is, the fixed 
points on Xk fiber over the fixed point set on Xk-\ and using Corollary 14.41 we get 

P{Wi,...,Wk) 


L 


P(u) 


Z 
Z 


1 


Wj) 


Z 


P{Wi,...,Wk) 




wtw 


Recall that the weights of the T action on are collected in 

the set <S(wi,... Wk-\) c Lin(/li,..., Xf), so by Proposition 14.71 the second sum, which is the 
integral on the fibre ^ P"“^ can be written as a residue 


Z 


P{Wi,...,Wk) 


P{wu---,Wk-\,Zk)dz 

—r = Res —-- 

Wk) zi,=oc Owe^Cwi 


wteS{wu-,Wk-i) nw€5(wi,...,wn),w^wt(^ 

Iterating this on the Demailly-Semple tower Xk Xk-\ 
tion 14.71 in every step we get 

f P(„) = Re. , PV„...,z,)dT - 

* °° n7=i nw€5(zi,...,2j_i)(^ Zj) 


- Zk) 

X\ ^ {x} using Proposi- 
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Using the description of <S(zi,... ,z,) from Lemma l4~T] we get the desired iterated residue 
formula 


(9) 


i 


P(u) 


Res — 

z=oo 


n 


2<ti<t2<k 






ZHi+i...i2]) n;=i n”=i(^/ - 


Note that the term corresponding to L = L = j in the numerator cancels out with the term -zj 
in the denominator coming from the unique zero element in the set - zi - ... - Zj-\,Z\ - 
Z 2 - ■ ■ ■ - Zi,...,Zj -2 - Zj-\,Zj-\ : 1 < 5 < n} in Lemma ILTI see Remark 1^ □ 


We come to the proof of Theorem ll.ll 


Theorem \l.l\ We integrate first along the fibres of the bundle X^- —> X, which corresponds to 
push-forward in cohomology. Since (;roT)*^o ~ repeat the proof of Proposition 

14. 8 1 with P = P{\x, h) on the fibres, considering as a constant at this stage. The iterated residue 
collects the coefficient of (zi.. .Zk)~^ which is a constant times h" because the total degree of 
the rational expression is n - k. Then since j^h" = d, integration means the substitution 
h!' = d. □ 


4.2. An example: Euler characteristic of the jet differentials bundle. In the rest of the 
present paper focus on projective hypersurfaces X c P”'^^ and we use our iterated residue 
formula to prove the existence of global sections of some twisted jet differentials bundle. 
In order to prove this we follow IfTTl and use Morse inequalities to reduce the question to 
the positivity of some appropriately defined tautological integral over the Demailly-Semple 
bundle. 

However, Theorem I LI I gives closed formula for other topological invariants of the jet dif¬ 
ferentials bundle as well, here we give the formula for the Euler characteristic 

n 

XiX^EkTl) = _^(-l)'dim//'(A,E,r*) 

i=0 

of the invariant jet differentials bundle EkT^. This can be expressed with the Chern character 
of E^T^ and the Todd class of X as the integral 

XiX,E,)= f [ch(E,) ■ Td(Tx)]„ 

Jx 

Localisation on the Demailly-tower then gives the iterated residue formula: 

Corollary 4.9. 


XiX, n^Ox,{a)) = 


i-rf f 

Jx 


Res, 


W2<tl<t2<k{zt^ + Zt^+\ -I-... -I- Zt2)ch(Oxi,(^)) ■ Td(Tx) 


n 




k(~Zsi + Zii+i -I-... -I- Zij) n/=i(2i + • • • + zjY 


■]^5(l/(Zl-F. ..-FZ;t)) 


;=i 


where 


ch{OxM)) = 
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and 

Td(Tx) = 1 + -Cl + + C 2 ) + ... 

5. Proof of Theorem 11.21 

Let X c be a smooth hypersurface of degree degX = d and let Xk denote the A:-level 
Demailly-Semple bundle on X. We start with recalling the following classical major result 
which connects jet differentials to the Green-Griffiths-Lang conjecture: 

Theorem 5.1 (Fundamental vanishing theorem ll2^fT4ll4^ f. Assume that there exist integers 
k,m > 0 and ample line bundle A —> X such that 

H\X,,Ox,(m)^n*A-^) - ® A'l) ^ 0 

has non zero sections cti, ... ,(Txi, and let Z c X), be the base locus of these sections. Then 
every entire holomorphic curce f : C ^ X necessarily satisfies fikfC) c Z. In other words, for 
every global Gu-invariant differential equation P vanishing on an ample divisor, every entire 
holomorphic curve f must satisfy the algebraic differential equation P(f'(t),..ff^\t)) = 0. 

Note, that by Theorem 1. of fTTSlI . 

H\X,Ek,mrx®A-^) = Q 

holds for all m > \ilk <n, so we can restrict our attention to the range k > n. 

To control the order of vanishing of these differential forms along the ample divisor we 
choose A to be -as in [fTTlI - a proper twist of the canonical bundle of X. Recall that the 
canonical bundle of the smooth, degree d hypersurface X is 

Kx = Oxid - n - 2), 

which is ample as soon as d > n + 3. The following theorem summarises the results of §3 in 

m- 

Theorem 5.2 (Algebraic degeneracy of entire curves [fTTlI f. Assume that n = k, and there exist 
a S = 6{n) > 0 and D = D{n, 6) such that 

H\X,, Oxfini) ® - Iff iff, ® X"*") ^ 0 

whenever deg(X) > Dfn, 6) for some m » 0. Then the Green-Grijfiths-Lang conjecture holds 
whenever 

n^ + In 

deg(X) > max(D(n, 6), - \- n + 2). 

6 

For (ai,. . .,ak) G define the following line bundle on Xp. 

Ox fa) = n]j^Oxfai) ® nl/)xfa2) ®---® Oxfau). 
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Proposition 5.3 ( IfT^ Prop. 6.16, [IT8l Prop. 3 .2). (1) If Qi > 3a2,...,ak-2 ^ 3ak-h and 

ttk-i > 2ak > 0, then line bundle Oxfst) is relatively nefoverX. If, moreover, 

(10) a\ > 3a2, ..., ak -2 > 3ak-i and at-i > 2ak > 0 

holds, then Oxfst) is relatively ample overX. 

(2) LetOxi^) denote the hyperplane divisor on X. If (fTOl) holds, then Oxf^)®nQjpx{l) is 
nef, provided that I > 2|a|, where |a| = ai + ... + au- 

Theorem 15.21 accompanied with the following theorem gives us Theorem 1 1.2[ 

Theorem 5.4. Let X c be a smooth complex hypersurface with ample canonical bundle, 
that is degX > r + 3. If at = ^ and d > D{n) = 6r^” then 

H\Xn, Ox„m ® - H\X, ® ^ 0, 


nonzero. 


To prove Theorem l5.4l we use the algebraic Morse inequalities of Demailly and Trapani and 
replace the cohomological computations of IfTTlI with the study of the iterated residue. Let 
L —> X be a holomorphic line bundle over a compact Kahler manifold of dimension n and 
E ^ X a holomorphic vector bundle of rank r. Demailly in [fTSlI proved the following 


Theorem 5.5 (Algebraic Morse inequalities 1151 |45l). Suppose that L = F is the differ¬ 
ence of the nef line bundles F, G. Then for any nonnegative integer q G Z>o 


T n 

y {-\f-^h\x, L®™ ^E)<r— 

^ n\ 



• G^ + o(m”). 


In particular, q = I asserts that L®™ (g) E has a global section for m large provided 

F’^-nF’^-^G > 0 . 


For d > n + 3 the canonical bundle Kx - Oxid - n - 2) is ample, and therefore we have the 
following expressions for Oxfff) and Oxfsl) ® tTq as a difference of two nef line bundles 
over X: 

Ox fa) = (Oxfa) ® nl^,Ox(2\a\)) ® «,Ox(2|a|))-' 

Ox fa) ® = (Oxfa) (g n;,Ox(2\a\)) (g (nl,Ox(2\a\) (g <,4“)'' 

By the Morse inequalities we need to prove the positivity of the following intersection 
product: 

(11) I(n, k, a, d) = (Oxfa) ® 4,Ox(2|a|))""'(”-')- 

(n + k(n - l))(6)z,(a) ® <,6)x(2|a|))('"i)(”-i^ • «,Ox(2|a|) ® ). 






16 


GERGELY BERCZI 


Let h = ci((9x(l)) denote the first Chem elass of the tautologieal line bundle Ox{l), ci = ci{Tx) 
for Z = and = Ci((9x,(l)) for ^ = 1,..., 5 . Then Ci{Kx) = -C\ = (d - n - 2)h, and 

the intersection product we have to estimate becomes 


(12) /« /; 3 M/;, TTq j^/i) — 

= {a\U\ + ... + QkUk + (aiWi + ... + QkUk + Sn,kAd\^\'^*h) 

where Sn,k,s,d = 2 - (n + k{n - 1))(2 + 6{d - n - 2)). 

In our forthcoming computations we will use the shorthand notation 


(13) + ■ ■ ■ + Xj. 

for the sum of entries of a constant vector (y,, ..., Xj). Applying Theorem ll.il we arrive at 
Corollary 5.6. With the notation in (fTTI) . (fT 2 l) and (flSl) 

.X 7/ 1 c\ C (~1) Y\2<ti<t2<kiZ[ti...t2])^n,k,Si,siZl, • • • ,Zk->h) dz 

(14) I(n,k,a,S)= Res- - - 

Z -00 ]~[ + Z[ii+l...i2]) 0;=1 Oj=l(dj + Z[l...y]) 

where integration on the right hand side means the substitution h" = d. 


Remark 5.7. We can eliminate the Ai’s from (fT4l) as follows. The Chern classes of X are 
expressible with d, h using the following identity: 

(1 + hf^^ = (1 + dh)c{X), 

where cfX) = c{Tx) is the total Chern class ofX. Using the shorthand notations in (fT3]) we 
get for l<j<n 


( h 

^ ~) ^ (Z[L..j] + 

- U[i...y]i ^ ^ ^ ^ dh)(zu...n) 

and we arrive at the following formula: 

Proposition 5.8. Let I{n, k, a, 6) be the intersection number on the Demailly-Semple bundle 
defined in (fTTI) . Then with the notation (fT^ 

C (~ 1 ) Wl<ti<t2<k^Z[ti...t2\)Wj=liZ[\...j]'t-dh')In](n,d(T‘^h')d'L 

I(n,k,a,6)= Res- - - - -. 

Jx O l<ii<i 2 <^:(~'^^l + ny=l(' 2 [l...;] + Z/)”^^ 

This formula has the pleasant feature that it expresses the aimed intersection number directly 
in terms of n, k, a, d, 6. Indeed, the result of the iterated residue is a polynomial in n, k, 6 and 
/?", and integrating over X simply means a substitution d = h!'. 


]~[(/lr + Z[i...y]) - ]~[(1 + —^) - {Z[i...j]Tc{ 

i'=i ,=i -^li--;] \ 
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5.1. Computations with the iterated residue for n = k. From now on we assume that n = k, 
foeusing on Theorem 15.41 The iterated residue is formally a eontour integral, but as we have 
explained in Seet. 14.1[ it simply means an expansion of the rational expression respeeting the 
order 1 |zi| «: ... ^ \zkV Using the notation introdueed in (031) we have the following 
expansions in Proposition [531 


( 1 ) 

( 2 ) 


—U-T = - (l - for 7 > 1 where for j = 1 we define 

3i...y-i] = 0- 


^[t] -^2] 


= 1 + ^11 + 


Zt^ ~Z[fj + l...r9-l] 
Z[2 


Zt j j +1 ...^ 2 — 1 ] 



for \ < t\ < t 2 < n. 


For n = k'we use the notation /„ a, 5 ,a for the form and by ([T2l) 


h) = {aiZ\ + ... + UnZn + 2|a|/i)”^ ^ (aiZi + ... + + Snjalh - n^6\a\dh^ 

where 

S fig = 2 — 2ii^ + + 2)d. 

Substituting these into Proposition 15.81 we get the following: 


(15) I(n,a,5,d) = {-\f rResflfl + 

Jx -J-i V U 

^ ... .. 

A^(z) 

n 

\<t\<t 2 <n ' 2 



Z[l...;-1] + h 
Zj 



A*(z) A2 (z) 

(aiZi + ... + anZn + 2|a|h)”^“' (aiZ\ + ... + a„z„ + Sn , s\^\h - n^6\a\dh^ 

(Zl... ZnY 


dz 


B{z) 


Let 


A(z) = A°(z)A^(z)A^(z) 

denote the produet of the first three rational expressions for short. 


Definition 5.9. Fix a basis {ei,... c„} o/Z". For a lattice point i = (I’l,..., i„) e Z" we call 

D(i) = nil + {n - 1)12 + ■ ■ ■ + in 
the defect ofi. The positive lattice semigroup is defined as 


n 


A+ = 0 Z-\ei - ej) © 0 Z-°e,-. 


i<j i= I 

The negative lattice points are elements ofA~ = -A"^. Finally, for a, h 6 Z” we say that a > h 
if there is ac e with h + c = a. 
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We now prove the following theorem whieh together with the Morse inequalities gives us 
Theorem 15.41 

Theorem 5.10. Let a, = and 6 = 2 ^- Then I(n, a, 6,d) > 0 ifd > 

For i G Z”, j,k e Z let denote the eoeffieient of in A(z), and use similar 

notations for eoeffieients in B{z). 

Lemma 5.11. = coeS^i(^cih)'"A{z) = 0 unless i 6 A^, for any m > 0. 

Proof. From (fTSl) we see that all monomials appearing after multiplying out is the produet of 
terms of the form - and — with \ < i < j < n, this implies the result. □ 

Zj Zj Zj 

Let’s step baek a bit looking at formula (fT5l) . The residue is by definition the eoeffieient of 
in the appropriate Laurent expansion of the big rational expression in zi,... ,z„, n,d,h 
and 6, multiplied by (-1)”. We ean therefore omit the (-1)” faetor and simply eompute the 
eorresponding eoeffieient. The result is a polynomial in n, d, h, 6, and in faet, a relatively easy 
argument shows that it is a polynomial in n, d, 6 multiplied by h" 

Indeed, giving degree 1 to Z\,... ,Zn,h and 0 to n,d, 6, the rational expression in the residue 
has total degree 0. Therefore the eoeffieient of has degree n, so it has the form h"p{n, d, S) 
with a polynomial p. Sinee d appears only as a linear faetor next to h, the degree of p in J is 
n. 

Moreover, = d, so the integration over X is simply a substitution h" = d, resulting the 
equation I(n, a, 6, d) = dp(n, a, 6, d), where 


p(n, a, 6, d) = p„(n, a, d)(i” + ... + pi(n, a, 6)d + po{n, a, 6) 


is a polynomial in d of degree n. The goal is to show that p„ dominates the rest of the polyno¬ 
mials, that is, to prove the following 

Proposition 5.12. For a,- = and 6 = 


Pn > 0 and \pn-i\ < 


Theorem 15.101 is a straightforward eonsequenee of this Proposition, applying the following 
elementary statement: 

Lemma 5.13 (Fujiwara bound). Ifp{d) = p„d'' + Pn-id”~^ -l-... -l- pid + po e R[J] satisfies the 
inequalities 


Pn>0; \pn-i\ < D'\pn\forl = \,.. .n. 


then p(d) > Oford > 2D. 

5.2. Estimation of the leading coefficent. The next goal is to eompute the leading eoeffieient 
Pn(n, a, d). For i = (0, ...,/„) e Z" let Si = z’l -i-... -i- z„ denote the sum of its eoordinates. From 
( 021 ) 



(16) 
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where 1 = (1,..., 1). Note that - aeeording to Lemma [5.1 II - some terms on the r.h.s are 0, 
since we have not made any restrictions on the relation of i to A"^. 

There is a dominant term on the r.h.s, corresponding to i = (0,..., 0) in the first sum: 

/ 

(17) Bq = (dhy = (ai • • -ClnTl 

zi \n,.. .,n 


Here ( “ ) = ——r denotes the multinomial coefficient equal to the coefficient of jcf ‘ ... 

+... + xj”. We show that the absolute sum of the remaining terms is less than this dom¬ 
inant term, implying a lower bound for p„ when 6, a as in Theorem 15.101 According to the 
choice Ui = we have for Si = 0 


(18) 


5,i = 


n 


ii + n,... ,in + n 


i[+n 


< a, 




On the other hand A 2 -i-i(^cihr = 0 unless D(i) < 0 in which case 
(19) ^ AlAl < 2-D(»„-3D(i) 

ii+i 2 =-i 


holds according to the following two lemmas which will be repeatedly used: 


Lemma 5.14. We have the following estimations: 

(1) Ui e A+ : Si = 0,D(i) = /} < (n - 1)'. 

(2) Let i 6 A"^, Si = 0 be fixed and let s be a positive integer. Then 

j1{(ii,...,y G(A")^ii + ... + i, = i}<^>'®. 

Proof. Let i = bu the unique decomposition of i into the sum of positive simple 

roots. We have n -I positive simple roots which gives the first inequality. For the second part 
note that each summand can be put into any of the s multiindices ii,..., i^ which gives us the 
second inequality. □ 

Lemma 5.15. Let'Ll = 0. Then Al,A} < 

Proof. Denoting by the monomial we pick from the term corresponding to ti,ti we get 
by definition 


|A/|= Yj n coeff,.ai.,2)(l + ^(l + ^^‘ 


< 


< E n 2 ■ comb(r(ti, ^ 2 )), 

2rj,r2 i(9 J2)=i hVl 


where i(ti, L) = i'^(tG L) -«J/i,/ 2^/2 for unique e (Z-°)", 6 Z-°, and for j = (ji,..., jfi 6 

(Z-°)” we define combtj) = Note that combtj) is a summand in = (1 -F ... -F 1)^1 

V Jl / 
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and therefore comb(j) < n^j/2. Henee for ^ 2 ) 0 we have 


1 


comb(i'^(ri,t2)) < so 2 • eomb(r(ri,^ 2 )) < 


On the other hand Lemma [5 .141 with s = ( 2 ) gives 


. S X 

1=2(1 ,f2 


f|,f2 


D(i) 


and therefore 


1| ^ ..D® 


|Aj I < n 


D(i) 


< n 


3D(i) 


Similarly, if we denote by the term whieh we pick from the yth term of then 

,2 \«+2 


|A?| < ^ ]~[coeff^i, 

2'Li iO')=i j 


i(j) 


1 


Zi + ■ • • Zj-i + h I zi + ■ ■ • Zj-i + h 


+ 


< 


< 


E E n comb(s;;(y)). 

Z'ki iO')=i si0')+...+s„+20')=i0') l<j<n, 

\<m<n+2 

Since Ei = 0, we don’t have h in the numerator and therefore Si(y) = 0 for any j. Lemma [5 .141 
gives again 

^ ^ l<((n-l)(n+l))*'®, 

Z"=, i( 7 )=i si 0 ')+...+s„+ 2 (;)=i(;) 

whereas for Owe have comb(s;J,(y)) < f as before, giving us 

|A?| < ((n - \)n(n + 1))^® < n^®®, 

which proves Lemma [5. 151 □ 

Substituting inequalities (fTSl) and (fT9l) into (fT^ and using Lemma [5 .141 we get 


(20) J] (|)«. = E(|)b. E ‘ 

ifO (=1 i^0Yi=0,i€A+ ^ ' i=l ^ / i^0,2;i=0,i€A+ 

5^i=0 D(i)=i D(i)=! 


< 


E(|)'"''>o<>. 

(=1 ' ' 
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We can handle the second sum of the r.h.s in (fT^ in a similar fashion. For Si = -1, and 
c; = (0,..., F,..., 0) the jih. coordinate vector we have 


J2=l h^h ii+i2=-i-Oi 

ii.LeA^ 


holds because we have to sum over all terms coming from in (fT5l) . So applying Lemma 
15 .141 and Lemma [5TT5] again, we get 




idhY 


<Z E 2-”'' 


D(i+e;, )^-3D(i+ey|) 


11 ’ < 


J2=l ii<j2 

Then, similarly to (fTSl) . for Si = -1 
( 21 ) 


Z 


(D(i)+«+1 -j) ^ 1 -3(D(i)+«+1-j) _ 


l<j<n 


n^-l 

ii + n,..i„ + n 
and therefore by the first part of Lemma [5.14l we get 


^z\dh) 




( 22 ) 


^ Bzi{dh)A-'‘-^{dhr-'\ < ^ ^ 2 


-(D(i)+n+l-J)^5D(i)-3«+37-2 


Bo < 


Li=-1 


Si=—1 \<j<n 
i+eySA^ 


< 


jz Z (ff^o<iz(4)B.<^s.. 

r=l ieA ^ ' i=l ^ ' 


ieA 
D(i)=-(,Si=0 


Since 6 = ^ and a, = we have d|a| < 1 so substituting (l20l) and (l22l) into (fT^ we get 


(23) 


Pn > 2^0 > 0 


proving the first statement of Proposition 15.121 

5.3. Estimation of the coefficients Pn-i{n,a,6). In this subsection we study the coefficients 
Pn-i{n, a, 6) = coeffj/.+i-//(R, a, d, J) for 1 < I < n to prove the second part of Proposition 15.121 
From (fT5l) 

l /+! 

(24) a, S) — ^ ^ BjipisAi-i-ihi-s^hy'^^ ^ ^ ^ Bzih<(dh)-^z^‘^^y^'’{dh)'’^^^^ • 

s=0 Zi=-i .v=l Zi=-i-l 

Lemma 5.16. Let ai = 5 = The dominant term in (l24l) is where 

(25) i(/) = ((h_2^2j0. -1,-• •,-! ) = -en-M - ■ ■ ■ - e„, 

n-l t 

that is, the sum of the other terms in (l24l) is smaller than half of this dominant term and hence 


IPn—/(^? ^)l i(/) /|. 
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We devote the rest of this seetion to the proof of this Lemma. We start with studying terms 
of the first sum in (l24l) . For Si = -5 


(26) 


5,i 


z^h'^ 



■ ) 

+ n,... ,if, + nj 


+ 



r2-1 

s - IJi + n,... ,in + n 


(2WY]a‘r 

t=\ 


and therefore 
(27) 


\B 




< 2n^ 


s,h 


+ n,... ,in + n 


i2\a\ya‘; 


s^ii+n 


in+n 

n 


Note that many of the terms in (l24l) vanish, beeause = 0 unless -i - 1 G A"^. 

Using (1271) and the elosed form for in (ITTl) we ean estimate from above this dominant 
term as 


(28) \B^ni)y 

=1 


<2nH " |(2|a|)'a”. 

\l,n — I,.. .,n — l,n,.. .,n 


• • ^n-rn-l+l 


/ 


n—l 


a 


n—l 

n 


< 2n^(2\a\yn-^‘^^^^^Bo < n^‘'‘Bo. 

When i ^ i(Z) the right hand side of (1271) ean be estimated using the trivial inequality between 
multinomial eoeffieients: 


(29) 

Sinee A^-i-i/,/= 0 if -i - 1 ^ A^, for the non vanishing terms -i - 1 6 A"^ must hold and 
therefore D(i(Z) - i) = D(ei + ... + e„_/ - i - 1) > 0. On the other hand, by (IT?]) for Si = -s 

(30) 

l<jl<...<jl<n i|+i 2 =-i-e,„| 

ii,i2eA+ 

where in this summation we piek — from the /,th term of A^, and — from the j’th term if 

Zjj Zs 

s ^ {Ji,..J/}. Note that Sii = 0 and Si 2 = 5 - Z, otherwise the eorresponding eoeffieients are 
zero. 


Lemma 5.17. Let Si = - 5 . Then 


\Alj < 


Proof. The proof is analogous to the proof of Lemma 15.151 we first alloeate s faetors in the 
denominator of z‘ and pair all of them with h in the numerator; we ean ehoose these s faetors 
less than different ways. Then repeat the argument in the proof of Lemma l5.15l □ 
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Applying Lemma 1513] and Lemma [57T7] we get the following upper bound: 


|A, 








(n+\- mi)(n - nii^i) ■ ... ■ {n - I+ 2 - 




< 


^-3D(i-i(/))+/-i 

il+i2— 

iuheA* 



where we used the following inequality for \ < nii < ... < nii < n: 

(r + 1 - mi){n - mi_i) ...(n-l + 2- mj)„-(n+i-M,)-...-(n+i-m,) < ^ ^D(i(/))_ 


Applying Lemma [57T4I again we get 

(31) < Yu 2-®®A«+l-m,)-...-(n+l-m,)^3(D(i(0-i))+/-. < 

i+^mj +...+e,„^EA 


\<mi <...<mi<n 

where, again, (r + 1 - rij) + ... + r+1-ri/> 1+2 + ... + / = -D(i(/)). Putting (l29l) and (l3TI) 
together we can estimate the first sum in (I2?b as follows: 



(32) 


LL 

.5=0 Zi=-i 

i^i(0 




-^h‘-^{dhr 


< 


E E 

5=0 l<mi<...<m/<n 

i+^Rij +...+^m/GA 

Si=-5,i?^:i(/) 


i)^-5D(i(/)-i)+/-5 


(2|a| 


y-'B.. 


V)h' 


5=0 l<mi<...<m/<n 

i+e,»^ +...+^m^€A 
Si=-5,i^i(/) 



Observe that 

: For Si = -I we have 


i + + . . . + G A => D(i + 6f)n + . . . + ^m;) ~ D(i) + (r + 1 — Rli) + ... 

... + (r + 1 - nil) < 0 => D(i - i(/)) < (mi + / - r - 1) + (m 2 + /- r-2) + ... + (m; - n). 
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Therefore using the temporary notation ri = mi + l- n- i< 0, we get 


(33) tij 1 < mi < ... < m, < n : i + + ... + e A } < 

< Uru ..., < 0 : n + ... + n > D(i - i(/)} < 


: For 'Ll = -s > -I, elearly 


'^{\ < nil <...< nil < n : i + e,„i +... + em, & A } < 


< till < mi < ... < nil < n : {i - 


■ ■ ■ - Sn-l+s+l) + + • • • + G A } < 

Z=-/ 


^D(i(/)-i)+l+...+(/-i) 


Substituting these into (1321) we get 


lEE 

s=0 Zi=-i 
>^>(0 






^{dhy 


i=0 Zi=-i 
>^>(0 


/ oo I oo 

5=0 m=l Iii=—5 5=0 m=l 

D(i(/)—i)=m 


< 


To summarize our results, sinee Aj^-nD-iidhy-^ = 1, we get 


(34) 


5=0 Zi=-5,i?5:i(/) 




The analogous eomputation for the seeond sum in (1241) shows that for 6 = a, = n**^"'^* 
we have 


(35) 


m5|a| 


/+i 


E E 

i=l Zi=-i-l 


B 


z'h^idhy 


^(dhf 


< 


1 


Then (1341) and (l35l) gives Lemma 15.161 Combined with (I2S1) and (1231) gives the desired 
Proposition 15 .121 

3 3 

\Pn-i\ < 2 ^Bi(i^f,iAj_-ni)-i(^dh)"-'\ < 3n^^”|p„|, 

and Theorem 15 .101 is proved. This proves Theorem [5]41 applying the Morse inequalities. The¬ 
orem [3]^ and Theorem l5. 41 together give Theorem 1 1.2 1 
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